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The normal modes of a system of two coupled pendulums were determined by using angular
displacement data recorded with rotary motion sensors. As the pendulums oscillated, the angular
displacements θ1(t) and θ2(t) were measured simultaneously and used to construct a covariance
matrix describing their correlated motion. Diagonalization of this covariance matrix revealed two
independent mode coordinates corresponding to in-phase and out-of-phase oscillations. Projection
of the experimental data onto these mode coordinates produced a clear separation of the system’s
behaviors, with the in-phase mode dominating the motion.

I. INTRODUCTION

Synchronization is one of the most common phenom-
ena observed in nature, yet the physical mechanisms un-
derlying such behavior in non-linear systems are still an
active area of study. Christiaan Huygens played a key
role in the early mathematical understanding of pendu-
lar motion through his development of the first pendu-
lum clock. While the motion of a single pendulum is
well described by simple harmonic motion at small an-
gles, many real physical systems often involve multiple
oscillators that exchange energy. Huygens observed that
when he hung two pendulums from a common support,
it took about a half an hour for them to gradually syn-
chronize, oscillating out of phase at the same frequency.
He referred to this as “the sympathy of two clocks” [1].
When two pendulums are coupled in this manner, their
behaviors become interdependent, leading to collective
behavior that cannot be explained when analyzing each
pendulum individually [2].

A defining feature of coupled pendulum systems is the
existence of normal modes, which are specific patterns
of motion in which the pendulums oscillate at a single
characteristic frequency with a fixed phase relationship.
For two coupled pendulums, these modes correspond to
in-phase and out-of-phase oscillations, each with distinct
frequency determined by the coupling strength and the
physical parameters of the system [3]. By measuring the
angular displacement of each pendulum as a function of
time, the normal modes can be identified and analyzed.
The coupled pendulum system thus serves as a founda-
tional example for studying normal modes, synchroniza-
tion, and energy transfer in more complex physical sys-
tems.
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FIG. 1. A schematic of the coupled pendulums used in this
experiment, consisting of two rotary motion sensors made up
of massless rods with point masses at the bottom of each, the
pendulums attached with a light spring.

II. KEY FINDINGS

This experiment consisted of two PASCO CI-6538 Ro-
tary Motion Sensors mounted on a rigid point as seen in
Fig.1. These sensors consisted of rods of negligible mass,
each with a point mass fixed at the bottom of the rod.
The two pendulums are connected in the center of the
rods via a light spring. This connection allows for an en-
ergy transfer during oscillation. One pendulum was kept
at the equilibrium position while the other was displaced
by θ1 and released from rest. Angular displacement was
measured over 30-second intervals while the pendulums
swung in beat. Data for ten runs were collected. Run 9
was chosen for the analysis because it had the greatest
ratio of eigenvalues, indicating strong separation between
the normal modes and minimal modal mixing.

The goal of the experiment is to identify the normal
modes of the coupled pendulum. Normal modes are the
characteristic patterns of motion in which the pendu-
lums oscillate at a single frequency with a fixed phase
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relationship. To do this, the measured angular displace-
ments, θ1(t) and θ2(t), were first centered by subtracting
the mean value for each pendulum. To quantify correla-
tions between the two pendulums, the covariance matrix
is constructed. Its elements are defined by

A11 =
〈
(θ1 − θ̄1)

2
〉
, (1)

A22 =
〈
(θ2 − θ̄2)

2
〉
, (2)

A12 =
〈
(θ1 − θ̄1)(θ2 − θ̄2)

〉
, (3)

where 〈·〉 denotes a time average over the dataset.
The resulting covariance matrix is

A =

(
A11 A12

A12 A22

)
. (4)

The normal modes of the coupled system correspond to
the eigen vectors of the covariance matrix. The eigenval-
ues λ are obtained by solving the characteristic equation

det(A− λI) = 0, (5)

which yields

λ1,2 =
(A11 +A22)±

√
(A11 +A22)2 − 4(A11A22 −A2

12)

2
.

(6)
The larger eigenvalue corresponds to the dominant

mode of motion.
For each eigenvalue λk, the corresponding eigenvector

x(k) satisfies

(A− λkI)x
(k) = 0. (7)

Solving this system yields eigenvectors of the form

x(k) =

 A12

λk −A11
1

 , (8)

which are normalized such that∥∥∥x(k)
∥∥∥ = 1. (9)

These eigenvectors represent the relative amplitudes of
the two pendulums on each normal mode. The normal
mode coordinates are obtained by projecting the angular
displacement onto the eigenvectors:

η1(t) = x
(1)
1 θ1(t) + x

(1)
2 θ2(t), (10)

η2(t) = x
(2)
1 θ1(t) + x

(2)
2 θ2(t). (11)

The resulting time series η1(t) and η2(t) correspond
to the in-phase and out-of-phase normal modes of the
coupled pendulum system.

Using the angular displacement data from a represen-
tative experimental run, the covariance matrix was found
to be

A =

(
0.00944 0.00616
0.00616 0.01002

)
, (12)
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FIG. 2. Plot of normal modes 1&2 as a function of time.
The in-phase mode (Normal Mode 1, bottom wave) dominates
the motion, while the out-of-phase mode (Normal Mode 2,
top wave) exhibits a smaller amplitude, consistent with the
relative magnitudes of the covariance matrix eigenvalues.

where all entries are given in units of rad2.
Diagonalization of the covariance matrix yielded eigen-

values

λ1 = 0.01590, λ2 = 0.00356, (13)

with corresponding normalized eigenvectors

x(1) =

(
0.690
0.724

)
, x(2) =

(
−0.724
0.690

)
. (14)

The normal mode coordinates were constructed by pro-
jecting the angular displacements onto the eigenvectors,

η1(t) = 0.690 θ1(t) + 0.724 θ2(t), (15)
η2(t) = −0.724 θ1(t) + 0.690 θ2(t). (16)

III. CONCLUSION

The first eigenvector has components of the same sign,
indicating an in-phase mode in which both pendulums
oscillate together. The second eigenvector has compo-
nents of opposite sign, corresponding to an out-of-phase
mode where the pendulums oscillate in opposition.

Fig.2. shows the time evolution of the two normal
mode coordinates obtained from the angular displace-
ment data. The motion is clearly decomposed into an
in-phase component and an out-of-phase component, in-
dicating that the coupled pendulum system is well de-
scribed by two independent normal modes.

Normal Mode 1 exhibits a significantly larger ampli-
tude than Normal Mode 2, consistent with the larger
associated eigenvalue of the covariance matrix. This in-
dicates that the majority of the system’s variance, and
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therefore the dominant motion, is contained in the in-
phase mode. Physically, this corresponds to both pen-
dulums oscillating together with similar amplitudes, sug-
gesting that this mode is more easily excited by the initial
conditions of the system.

Normal Mode 2 displays a smaller-amplitude oscilla-
tion and corresponds to out-of-phase motion of the pen-
dulums. The reduced amplitude of this mode suggests
weaker excitation, which may arise from asymmetries in
the initial displacement or from dissipative effects that
preferentially damp higher-energy relative motion be-
tween the pendulums.

The clean separation of the motion into two distinct
mode coordinates demonstrates that the covariance ma-
trix diagonalization effectively isolates the system’s nor-
mal modes and confirms the expected behavior of a
weakly coupled two-oscillator system.

The coupled pendulum system exhibits behaviors that
are well captured by two independent normal modes cor-
responding to collective and relative motion. The suc-
cessful extraction of these modes from experimental data
demonstrates how normal mode behavior emerges natu-
rally in real, imperfect systems and highlights covariance-
based methods as a powerful tool for analyzing coupled
oscillations.

While the covariance matrix method effectively isolates
the normal modes, it is important to acknowledge sources
of experimental error. Random fluctuations in the rotary
sensor readings, finite sampling over 30-second intervals,
and slight deviations from the ideal pendulum model in-

troduce uncertainties in the measured eigenvalues and
eigenvectors. Additionally, small damping effects may re-
duce the amplitude of the out-of-phase mode relative to
the in-phase mode. Despite these limitations, the overall
mode structure is clearly observed and consistent across
multiple runs, indicating that the method is robust for
identifying normal modes in real coupled systems.

Understanding the normal modes of coupled pendu-
lums also has practical relevance in engineering and
physics. For example, analyzing vibrations in bridges,
mechanical structures, or coupled oscillatory circuits of-
ten relies on identifying independent modes to predict
and control system behavior, illustrating the broader
applicability of these experimental and analytical tech-
niques.
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